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In 1928 G. Gamow as well as Condon and Gurney gave the first explanation of alpha decay
as a quantum tunnelling of a preformed particle at the nuclear surface. Soon after experimental
discovery in 1984 by Rose and Jones of cluster radioactivity, confirming earlier (1980) predictions
by Sandulescu, Poenaru and W. Greiner, a microscopic theory also explained the phenomenon in
a similar way. Here we show for the first time that in a spontaneous cold fission process the shell
plus pairing corrections calculated with Strutinsky’s procedure may give a strong argument for
preformation of a light fission fragment near the nuclear surface. It is obtained when the radius of
the light fragment, R2, is increased linearly with the separation distance, R, of the two fragments,
while for R2 = constant one gets the well known two hump potential barrier.
PACS numbers: 25.85.Ca, 24.75.+i, 21.10.Tg, 27.90.+b
In 1928 G. Gamow [1] as well as Condon and Gurney
[2] gave the first explanation of alpha decay as a quantum
tunnelling of a preformed particle at the nuclear surface.
Soon after experimental discovery in 1984 by Rose and
Jones [3] of cluster radioactivity, confirming earlier (1980)
predictions by Sandulescu, Poenaru and W. Greiner [4],
a microscopic theory [5] also explained the phenomenon
in a similar way. Here we show for the first time that in
a spontaneous cold fission process [6] the shell plus pair-
ing corrections calculated with Strutinsky’s procedure [7]
may give a strong argument for preformation of a light
fission fragment near the nuclear surface. It is obtained
when the radius of the light fragment, R2, is increased
linearly with the separation distance, R, of the two frag-
ments, while for R2 = constant one gets the well known
two hump potential barrier.
Among the almost 2450 nuclides (nuclear species)
known up to now only 288 are stable to occur primor-
dially: their half-lives are comparable to, or longer than
the Earth’s age (4.5 billion years), hence a significant
amount survived since the formation of the Solar Sys-
tem. The metastable nuclides are decaying toward the
stable ones.
The first informations about nuclei have been ob-
tained in 1896, when Antoine Henri Becquerel discovered
a “mysterious” radiation of a uranium salt (potassium
uranyl sulfate) which was bent by a magnetic field. The
term radioactivity was coined by Marie Curie. Together
with her husband, Pierre Curie, they discovered radium
(symbol Ra) and polonium (Po), which possess a million
times much stronger radioactivity.
Ernest Rutherford (ER) gave the names α (4He nu-
clei), β (electrons) and γ (electromagnetic radiation with
frequencies of 3 × 1019 Hz or higher and wavelengths of
10−11 m (10 pm) or lower). Three of the four funda-
mental forces (strong, weak, and electro-magnetic) are
responsible for them. They are produced by the decay of
excited nuclei of radioactive elements. Gamma rays can
penetrate through several centimeters of lead and large
doses of them are harmful. From scattering experiments
(1911) ER deduced that atomic particles consisted pri-
marily of empty space surrounding a central core called
nucleus. He transmuted one element into another, eluci-
dated the concepts of the half-life and decay constant. By
bombarding nitrogen with α-particles produced oxygen.
The atomic nucleus was discovered around 1911.
After 1928 the microscopic theories of α decay have
been developed, see e.g. [8]. The theory was also ex-
tended to explain cluster decays [5]. Simple relationships
are also very useful [9, 10] to estimate the half-lives.
The liquid drop model (LDM) was introduced by Sir
John William Strutt, Lord Rayleigh. His book Theory
of Sound, was published in 1878. Niels Bohr applied
the LDM to Nuclear Physics [11]. It was used by Lise
Meitner and her nephew O.R. Frisch [12] to explain the
induced fission discovered by Otto Hahn and Fritz Strass-
mann, who identified by chemical means among the fis-
sion fragments a barium isotope [13]. N. Bohr and J.A.
Wheeler [14] published a theoretical paper, based on his
LDM; they showed that fission was more likely to occur
with 235U than 238U. An interesting historical account
of the discovery of induced fission was written in 1984
by the famous Edoardo Amaldi, former member of the
Enrico Fermi’s (EF) team who did the first experiment
two years before Otto Hahn, but was wrong in interpret-
ing the data. Even a genius like EF was a human being,
hence could be sometimes wrong. The energetic (nuclear
power plants) and military applications of the induced
fission changed completely our world.
Spontaneous fission was discovered in 1940 by G.N.
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FIG. 1. Comparison of absolute values of shell and pair-
ing correction energies for symmetrical fission of 282Cn with
R2 constant (dashed line) and linearly increasing R2 (solid
line).
Flerov and K.A. Petrzhak [15]. Usually the fission frag-
ments are deformed and excited; they decay by neutron
emission and/or γ rays, so that the total kinetic energy
(TKE) of the fragments is smaller by about 25-35 MeV
than the released energy, or Q-value. The asymmetric
mass distributions of the fission fragments and the spon-
taneously fissioning shape isomers [16] could not be ex-
plained until 1967, when V.M. Strutinsky reported [7] his
macroscopic-microscopic method. His calculations gave
for the first time a two hump potential barrier. Shape
isomers occupied the second minimum.
Besides α, β, γ decay and fission there are other
types of nuclear disintegrations sometimes referred to
“exotic decay modes” as beta-delayed particle emissions,
particle-accompanied fission (or ternary fission), fission-
ing shape-isomers, proton radioactivity, heavy particle
radioactivities (HPR) [17, 18], etc. A brief presentation,
at a level of non-specialist, of the large diversity of nu-
clear decay modes may be found in the Ref. [19].
Superheavy nuclei with atomic numbers Z = 104−118
are produced by fusion reactions [20, 21]. The simplest
way to identify a new superheavy element synthesized
in such a way is to measure its α decay chain, down to
a known nuclide. Sometimes this is not possible since
its main decay mode could be spontaneous fission. For
atomic numbers larger than 121 cluster decay may com-
pete as well [22]. Among the many theoretical papers in
this field one should mention [23] and [24, 25].
We reported [26] results obtained within macroscopic-
microscopic method using cranking inertia [27] and the
best two-center shell model [28] in the plane of two in-
dependent variables (R, η), where R is the separation
distance of the fragments and η = (A1 − A2)/A is the
mass asymmetry with A,A1, A2 the mass numbers of
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FIG. 2. Solutions of BCS equations for symmetrical fission
of 282Cn with linearly increasing R2 (top) and constant R2
(bottom). The gap for protons and neutrons do have a similar
behaviour with that of the shell corrections.
the parent and nuclear fragments. Phenomenological
deformation energy, EY+E , was given by Yukawa-plus-
exponential model [29], and the shell plus pairing correc-
tions, δE = δU + δP are based on the asymmetric two
center shell model (ATCSM). This time we give more de-
tailed arguments for the neighboring nucleus 282Cn. The
deep minimum of total deformation energy near the sur-
face is shown for the first time as a strong argument for
cluster preformation.
An outline of the model was presented previously [26].
Here we repeat just few lines. The parent AZ is split
in two fragments: the light, A2Z2, and the heavy one,
A1Z1 with conservation of hadron numbers A = A1 +A2
and Z = Z1 + Z2. The corresponding radii are given
by R0 = r0A
1/3, R2f = r0A
1/3
2 , and R1f = r0A
1/3
1 with
r0 = 1.16 fm. The separation distance of the fragments
is initially Ri = R0 and at the touching point it is Rt =
R1f +R2f . The geometry for linearly increasing R2 from
0 to R2f = Re is defined by:
R2 = R2f
R−Ri
Rt −Ri
(1)
According to the macroscopic-microscopic method
the total deformation energy contains the macroscopic
Yukawa-plus-exponential (Y+EM) term and the shell
2
plus pairing corrections
Edef = EY+E + δE (2)
In units of h¯ω00 = 41A
−1/3 the shell corrections are calcu-
lated with the Strutinsky procedure as a sum of protons
and neutrons contributions
δu = δup + δun (3)
One obtains a minimum when there are important bunch-
ings of levels (high degeneracy of the quantum state: the
same energy corresponds to several states).
The BCS [30] theory was first introduced in condensed
matter in order to explain the superconductivity at a
very low temperature. It was extended to nuclei for ex-
planation of the pairing interaction, see e.g. [27]. By
solving the BCS system of two equations, with two un-
knowns, we find the Fermi energy, λ, and the pairing
gap ∆, separately for protons and neutrons. The total
pairing corrections are given by
δp = δpp + δpn (4)
and finally the total shell plus pairing corrections in MeV
δE = δU + δP (5)
Pairing correction is in general smaller in amplitude and
in antiphase with shell correction; it has an effect of
smoothing and reducing the total shell plus pairing cor-
rection energy. The experience of using Strutinsky’s
method, gained by several nuclear scientists (e.g. S.
Bjørnholm), was also successfully employed to study shell
effects in atomic cluster physics and nanotechnology.
The inertia tensor [27] is given by
Bij = 2h¯
2
∑
νµ
〈ν|∂H/∂βi|µ〉〈µ|∂H/∂βj|ν〉
(Eν + Eµ)3
(uνvµ+uµvν)
2
(6)
whereH is the single-particle Hamiltonian allowing to de-
termine the energy levels and the wave functions |ν〉; u2ν ,
v2ν are the BCS occupation probabilities, Eν is the quasi-
particle energy, and βi, βj are the independent shape co-
ordinates.
For spherical fragments with R,R2 deformation pa-
rameters the cranking inertia symmetrical tensor will
have three components, hence the scalar
B(R) = BR2R2
(
dR2
dR
)2
+ 2BR2R
dR2
dR
+ BRR (7)
or B = B22 +B21 +B11. When we find the least action
trajectory in the plane (R,R2) we need to calculate the
three components B22, B21, B11 in every point of a grid of
66×24 (for graphics) or 412×24 (for the real calculation)
for 66 or 412 values of (R−Ri)/(Rt −Ri) and 24 values
of η = (A1 −A2)/A or R2f .
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FIG. 3. Comparison of shell plus pairing effects for fission of
252Cf with linearly increasing R2 and constant R2.
We compare in figure 1 the absolute values of shell
and pairing correction energies for symmetrical fission
of 282Cn with R2 constant (dashed line) and linearly in-
creasingR2 (solid line). As expected, the gap for protons,
∆p, and neutrons, ∆n, solutions of the BCS system of
two equations, in figure 2 are also following similar varia-
tions. Deep minima around (R−Ri)/(Rt−Ri) = 0.82 are
clearly seen in both figures. Similar results are also ob-
tained for heavy nuclei like 252Cf (see figure 3) or 240Pu.
At the touching point, R = Rt, both kinds of variations
of R2 = R2(R) are ariving at the same state, hence the
shell effects are identical there, as may be seen in figures 1
and 3.
For minimization of action we need not only BRR but
also the values of BR2R2 , BR2R in every point of the above
mentioned grid. As expected we obtained a dynamical
path very different from the statical one. We could repro-
duce the experimental value of 282Cn spontaneous fission
half-life, log10 T
exp
f (s) = −3.086.
In conclusion, with our method of calculating the
spontaneous fission half-life including macroscopic-
microscopic method for deformation energy based on
asymmetric two-center shell model, and the cranking in-
ertia for the dynamical part, we may find a sequence
of several trajectories one of which gives the least ac-
tion. Assuming spherical shapes, we found that the shape
parametrization with linearly increasing R2 is more suit-
able to describe the fission process of SHs in comparison
with that of exponentially or linearly decreasing law. It
is in agreement with the microscopic finding for α decay
and cluster radioactivity concerning the preformation of
a cluster at the surface, which then penetrates by quan-
tum tunneling the potential barrier.
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